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Abstract: The following theorem is proved: “Quasi-orthogonal polynomials corresponding to the semi-classical or 
Laguerre- Hahn families and the orthogonal polynomials themselves, verify differential equations of same order 
(reducible to two or four by the Hahn theorem)“. 
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1. Introduction: quasi-orthogonality - semi-classical orthogonal polynomials 
The notion of quasi-orthogonality [l-3,14] is a (weaker) substitute of the concept of ortho- 
gonality in several situations involving orthogonal polynomials. 
Quasi-orthogonal polynomials with respect to a positive measure (or a quasi-definite linear 
functional) are studied for their extremal properties, and location of their zeros is also considered 
131. 
On the other hand, well-known results about the quasi-orthogonality of the derivative of 
semi-classical orthogonal polynomials [1,6,9,11] justify a posteriori the importance of the 
semi-classical class as a natural extension of the classical class for which the derivative 
polynomials are themselves orthogonal. 
In this short note, we prove a general theorem about the order (minimal order) of the linear 
differential equation satisfied by a quasi-orthogonal polynomial with respect to a linear func- 
tional: in the semi-classical case the order is two (like the order of the differential equation 
satisfied by the semi-classical orthogonal polynomial), in the Laguerre-Hahn case the order is 
four (the order of the differential equation satisfied by the polynomials being four). 
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Let { p, } be a family of orthogonal polynomials p, = p,(x) orthogonal with respect to a linear 
form U. 
(% P,P,> = 0, 
(u, Pn2) + 0. 
The linear combination of 
n+q 
i%+, = C h,Pi, 
1=?-l 
nfm, 0) 
length q + 1 
hnhn+q # 0, h, constant, (2) 
is obviously quasi-orthogonal of order q with respect to u: 
(U> Pm+qPn+q) =o, Im-nl>q. (3) 
The three-terms recurrence relation between the p,, 
xP~=%P,+, +&P,+Y,P,-1, u,+O, (4) 
allows us to write the linear combination in (2) in the form: 
El+, = Q,P, + Ql~n+l, (5) 
with Q,( x, n) = Q, are polynomials in x (i = 1, 2) easily computed from (4) and of fixed degree 
(q independent of n). 
2. Second-order differential equation 
Within the semi-classical class, the structure relation [9] 
n+t 
+b)Pnl+,= c R,“P”, n>s+l, 
u=n--s 
(6) 
where t is the degree of the polynomial + and s is the class, can also be written in a contracted 
way, using the recurrence relation 
+p;+1= SIP, + S2Pn+1, (7) 
when S,(x, n) = S, are polynomials in x (i = 1, 2). 
A second-order differential equation is easily obtained in three steps: 
Pn+q = QIP, + QzP,,+I, (8) 
GP,‘+q = Q~P, + Q~P,+, > (9) 
+#d+q)’ = Qs~n + Qci~n+l. (10) 
The polynomials Q, = Q,(x, n) and Q4 = Q4( x, n) are computed from the derivative of (X), 
multiplication by 4, and using two times (7) in order to eliminate the term +P:+~ and +p,’ (using 
also for this case the recurrence relation (4)). 
In the same way, the polynomials Q, = QS(x, n) and Q6 = Q,(x, n) can be computed starting 
from (9) and the second-order differential equation reads now as: 
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Q, Qz P,‘+, 
Q3 Q4 +F,‘+, =o, 
Qs Qs @+#X+,) 
which proves the first part of the theorem. 
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3. Laguerre-Hahn class: differential equation of fourth order 
We shall use now the structure relations for the Laguerre-Hahn class, generalizing (7) and 
given by Dini [4]. 
@PA+1 = HI P, + H2 P~+I + BP!,“, (14 
+[pf’]‘=G,p,,+GZpnil +Bp;“+p;“,, 03) 
where H, = Hl( x, n) and Hz = H2(x, n), G, = G,( x, n) and G, = G,(x, n), are polynomials in 
x computed as in (7) using the recurrence relation, and B = B(x) is the polynomial in front of 
the quadratic term in the Riccati differential equation [4] satisfied by the Stieltjes transform of 
the Laguerre-Hahn measure (pi” . IS the first associated polynomial-or numerator polynomial 
-of p,,+, and +, B and ?? are also polynomials). 
Five steps are needed in this case in order to produce a fourth-order differential equation for 
P n+q. 
Pn+q = QIP, + Qz~n+l, (14) 
@P,‘+, = Q~P,, + Qa~n+l + R,p;-!?, + R4pfJjl), 05) 
+[ +F&+,]’ = Qs~n + Q~P~+I + R,P% + R,P? 06) 
Equation (15) uses (12) two times (for p,’ and P;+~) and (16) uses (13), again two times, using the 
recurrence relation (4) in order to eliminate p:‘?, coming from the derivative of p:‘? 1 (we also 
bear in mind that the recurrence relation for the associated polynomial is the same, with a shift 
of indices, as for the polynomials). 
This third step can be repeated two times, using (12) and (13), and therefore the third and 
fourth derivative of Pntq can be written as a linear combination of p,, P,,+~, pi?, and pi” only. 
The fourth-order differential equation is therefore given by a 5 x 5 determinant constructed 
from (14), (15) and (16), and (16) derived one and two times, which proves the second part of the 
theorem. 
4. Applications 
Linear combinations of classical orthogonal polynomials are of frequent occurrence in the 
literature. For instance, some orthogonal polynomials inside the Bernstein-Szego class are given 
as a linear combination of classical orthogonal polynomials [3] and this appears also in the case 
of orthogonal polynomials with the Sobolev scalar product [3,7]. 
Let us explicitly give the Q, functions in (11) when we consider (classical) orthogonal 
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polynomials with respect to a positive weight p = p(x) in the interval (a, b) and solution of the 
weight equation 
(UP)’ = 7P / 
h 
x”p(x) dx < cc Vn, (17) 
u of degree G 2 and r ofa degree 1 (u = +). 
The structure equations read (see [lo]): 
DP,: = m* + xu,* >P, + cp,+1> (18) 
and therefore Q3 and Q4 become 
Q3=oQ;+ QdP,* +M+? - Q;L+& 
Q4=uQ;+Qp,*+Q2 (x-p,+l)~+p,:-l+xY,:tl > 
fl+1 1 
and Q5 and Q6 become 
Q,=ue;+Q~(P,‘+xu:)-Q,u,+,~. 
Qc,=uQ:+Q,a,*+Q, (x-p,+l)~+p,:-l+xun*tl 
[ 
. 
?I+1 I 
For instance in the Hermite case with q = 1, the combination 
@I+, = h,,H, + h,+rH,+, 
is a solution of the differential equation 
AH,‘:, + BJj,‘,, + CH,,, = 0, 
with 
A = hf, + 2(n + l)h;+, + 2xh,h,+,, 
B = - [2xh; + 4(~ + l)xh;+, + 2(1-t 2x2)h,h,+,], 
C= 2nh; + 4(n + l)2h;+I +x(n + l)h,h,+,. 
(19) 
(20) 
(21) 
(22) 
5. Comments and conclusions 
1. An arbitrary combination of orthogonal polynomials is a solution of a differential equation 
of the same order as the differential equation satisfied by the polynomials. 
This is quite remarkable because a priori the order could extend to 2( q + 1) in the semi-classi- 
cal case and to 4( q + 1) in the Laguerre-Hahn case, if we consider linear combinations of 
lengths q + 1. 
Of course the orthogonal character plays an essential double role: via the recurrence relation 
“contraction” is possible with polynomial coefficients, and the structure relations ((6), (12) and 
(13)) are essential to keep the order as low as the order of the differential equations. 
2. The three steps described by (8), (9) and (10) can obviously be adapted to the superclassical 
case (see [12]) (for a weight p = II(x)pclass, II(x) a rational function) or to the classical type 
situation [13]: 
N 
for a weight p = pclass + c X,6(x -xi). 
i=o 
(23) 
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The differential equations established in these two cases [5,12,13] could therefore be presented in 
the 3 x 3 determinantal form of (11). 
3. The length q + 1 of the linear combination is arbitrary but independent of n. This is also 
essential for the “contraction” process. For instance, the simple two-terms sum 
i%n=h,Pn+h2P2n (24) 
is already solution of a fourth-order differential equation in the classical (or semi-classical case) 
[12], but with coefficients now independent of h, and h,. 
The Hermite example gives, for the two-terms polynomials 
E2,, = h,H,, + h,H,,, (25) 
the following equation: 
I, ,I = 
HZ, - 4x%:: + 2[3n - 2 + 2x’]??:,, - 4x[ -1 + 3n]%i,, + 8n2p2, = 0. (26) 
4. The Magnus conjecture in [8] is also linked to this problem in the following way: if the 
Laguerre-Hahn class of orthogonal polynomials does not coincide with the class of all orthogo- 
nal polynomial solutions of fourth-order differential equations, what is the order of the 
differential equation corresponding to quasi-orthogonal family of this larger class? 
5. Within the semi-classical class, the second-order differential equation gives information 
about the nature of the zeros of quasi-orthogonal polynomials. All zeros (real or complex) are 
simple except possibly when the coefficient of the second-order derivative is zero. From (ll), this 
coefficient is +2( QIQ4 - Q2Q3). 
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